As one of the serial papers on suborbits of point stabilizers in classical groups on the last subconstituent of dual polar graphs, the corresponding problem for orthogonal dual polar graphs over a finite field of odd characteristic is discussed in this paper. We determine all the suborbits of a point-stabilizer in the orthogonal group on the last subconstituent, and calculate the length of each suborbit. Moreover, we discuss the quasi-strongly regular graphs and the association schemes based on the last subconstituent, respectively.
Introduction
Let F q be a finite field with q elements, where q is an odd prime power. Let F n q be the row vector space of dimension n over F q . The set of all m×n matrices over F q is denoted by M mn (F q ), and M nn (F q ) is denoted by M n (F q ) for simplicity. For any matrix A = (a i j ) ∈ M mn (F q ), we denote the transpose of A by A t . Let n = 2ν + δ, where ν is a non-negative integer and δ = 0, 1 or 2. Suppose
where z is a fixed non-square element of F q such that 1 − z is a non-square element. When δ = 1 or 2, ∆ is definite in the sense that for any row vector x ∈ F δ q , x∆x T = 0 implies x = 0. Note that the set T ∈ GL 2ν+δ (F q ) | T S 2ν+δ,∆ T t = S 2ν+δ,∆ forms a subgroup of GL 2ν+δ (F q ), called the orthogonal group of degree n = 2ν + δ with respect to S 2ν+δ,∆ over F q , denoted by O 2ν+δ,∆ (F q ). The group O 2ν+δ,∆ (F q ) acts on F 2ν+δ q by the matrix multiplication. F 2ν+δ q together with this action is called the (2ν + δ)-dimensional orthogonal space over F q with respect to S 2ν+δ,∆ . A matrix representation of a subspace P is a matrix whose rows form a basis for P. When there is no danger of confusion, we use the same symbol to denote a subspace and its matrix representation. An m-dimensional subspace P of F 2ν+δ q is called totally isotropic if PS 2ν+δ,∆ P t = 0. It is well-known that maximal totally isotropic subspaces of F 2ν+δ q are of dimension ν. Let G be a group acting transitively on a finite set X. For a fixed element a ∈ X, the stabilizer G a is not transitive on X in general. The orbits of G a on X are said to be suborbits, and the number of such suborbits is the rank of this action. H. Wei and Y. Wang [15, 16, 17] studied the suborbits of the transitive set of all totally isotropic subspaces under finite classical groups. We discussed these problems in singular classical spaces in [5, 12] .
Dual polar graphs are famous distance-regular graphs and have been well studied ( [1, 2, 10] ). The orthogonal dual polar graph Γ (on the orthogonal space F 2ν+δ q ) has as vertices the maximal totally isotropic subspaces; two vertices P and Q are adjacent if and only if dim(P ∩ Q) = ν − 1. It is well-known that Γ is of diameter ν. For any vertex P of Γ, the ith subconstituent Γ i (P) with respect to P is the induced graph on the set of vertices at distance i from P in Γ. A. Munemasa [9] initiated the study of the subconstituents of dual polar graphs in the orthogonal spaces, and characterized the first and last subconstituents. Subsequently, Y. Wang, F. Li and Y. Huo [6, 7, 13, 14] characterized all the subconstituents of dual polar graphs under finite classical groups, and proved that for any vertex P of the dual polar graph Γ in the (2ν + δ)-dimensional classical space (where δ = 0, 1 or 2), the mth subconstituent Γ m (P) is isomorphic to
where G (m,δ) is the graph with the vertex set consisting of the matrices (X Z) such that
where X ∈ M m (F q ), Z ∈ M mδ (F q ); and two vertices (X Z) and (X 1 Z 1 ) are adjacent if and only if (X − X 1 Z − Z 1 ) is of rank 1. Note that the mapping
is an isomorphism from G (m,δ) to the last subconstituent of the corresponding dual polar graph in the classical space F 2m+δ q . Therefore, the study of subconstituents of a dual polar graph may be reduced to that of the last subconstituent. In [8] we studied the suborbits of a point-stabilizer in the unitary group on the last subconstituent of Hermitean dual polar graphs. In this paper we discuss the corresponding problem for orthogonal dual polar graphs over a finite field of odd characteristic.
Let Γ be the orthogonal dual polar graph. It is well-known that a point-stabilizer of P of Γ in O 2ν+δ,∆ (F q ) is transitive on the last subconstituent of Γ. In Section 2 we determine all the suborbits of this action, and calculate the rank and the lengths of these suborbits. As two applications of our results, in Sections 3 and 4, we discuss the quasi-strongly regular graphs and the association schemes based on the last subconstitute of Γ, respectively.
Suborbits
Let Γ be the dual polar graph in the orthogonal space F 2ν+δ q . Note that the last subconstituent Λ is a coclique when δ = 0 (see [6] ), and Λ is studied in [7] when δ = 1. So the case δ = 2 is the main objective of this paper.
Denote by [X 1 , X 2 , . . . , X t ] the block diagonal matrix whose blocks along the main diagonal are matrices X 1 , X 2 , . . . , X t , by A 2r = [A 2 , . . . , A 2 ] the 2r × 2r matrix of rank 2r in which when p = q. We now study the suborbits of the stabilizer of each vertex P 0 in O 2ν+2,∆ (F q ) on Λ. Since O 2ν+2,∆ (F q ) acts transitively on the subspaces of the same type, we may choose
. Then G 0 consists of matrices of the following form:
where
It is well-known that G 0 acts transitively on Λ. For any P 1 ∈ Λ, the suborbits of G 0 are just the orbits of the point-stabilizer of 2) ) ∈ Λ and G 01 be the stabilizer of P 0 and P 1 in O 2ν+2,∆ (F q ). Then G 01 consists of matrices of the following form:
Denote by K n the set of all n × n alternate matrices over F q . In order to determine the orbits of G 01 on Λ, we need to introduce an action on K ν . For i = 1, 2, let O i denote the set of all matrices of the form
and there is an action of O i on K ν : 
(ii) The nontrivial orbits of O 2 on K ν have the following representatives:
0 .
Proof. We only prove (ii), and (i) can be treated similarly. Let X ∈ K ν with rank 2r > 0. Write
Hence there is a
Then T ∈ O 2 and
and
0 I
. Then rank Y 13 = 2; and so there exists a T 14 ∈ GL ν−2r+2 (F q ) such that Y 13 T 14 = (I (2) 0 (2,ν−2r) ). Let
. Note that matrices of difference ranks can not be in the same orbit. Now we show that any two distinct matrices in (4) cannot fall into the same orbit of O 2 . Otherwise, there exists a T ∈ O 2 , which is of the form (2), carrying [0, A 2r , 0 (ν−2r−1) ] to [0 (2) , A 2r ,
, which is impossible since T 22 is nonsingular. Similarly, the left cases may be handled.
By above discussion, the desired result follows.
To determine the orbits of G 01 on Λ, we need the following two lemmas. 
Proof. Let T ∈ O 2×0+2,∆ (F q ) and write 
where a ∈ {0, 1}, b ∈ Ω,
and K is given by Theorem 2.1. Moreover the rank of G 0 on Λ is
] ∈ G 01 carries P to (6). If Z 0, then rank Z = 1 or 2. We distinguish the following two cases. Case 1: rank Z = 1. Then there exists an S ∈ GL ν (F q ) such that S t Z = (xE 1 yE 1 ), where (x, y) (0, 0). By Theorem 2.1 there exists a T ∈ O 1 , which is of the form (2), such that T t (S t XS )T is 0 (ν) or of form (3). By Lemma 2.2, there exists an
, where a ∈ {0, 1} and b ∈ F * q . Observe
Note that rank((S T T 1 )
. By Theorem 2.1, there exists a T ∈ O 2 , which is of the form (2) satisfying T t (S t XS )T is 0 (ν) or of form (4) . Let
and rank((S T T 1 )
] carries P to (9) for r > 0, or
, where
to (9) for r > 0. When c 2 − z is a non-square element, we may choose an s ∈ F * q such that
, s, I (ν−3) ], where
to (10) .
] carries P to (13) . What is left to show that no two subspaces in (6) - (13) can fall into the same orbit. As an example, we show that any two distinct ϕ 2 (r, a) and ϕ 2 (r, a ′ ) can't fall into the same orbit, and the rest cases may be handled in a similar way. If there exists an element of G 01 of form (1) 
Theorem 2.5. The nontrivial orbits of G 01 on Λ have lengths as following:
Proof. We only calculate |ϕ 3 (r, a)| and |ϕ 7 (r, b)|. The length of other suborbits may be computed in a similar way.
Let G 3 (r, a) be the stabilizer of ϕ 3 (r, a) in G 01 , and let [T, (T t ) −1 , S ] be any element of G 3 (r, a). Then 
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